We investigate the robustness of the Araki-Lieb inequality in a two-dimensional (2D) conformal field theory (CFT) on torus. The inequality requires that ∆S = S(L)−|S(L− )−S( )| is nonnegative, where S(L) is the thermal entropy and S(L − ), S( ) are the entanglement entropies. Holographically there is an entanglement plateau in the BTZ black hole background, which means that there exists a critical length such that when ≤ c the inequality saturates ∆S = 0. In thermal AdS background, the holographic entanglement entropy leads to ∆S = 0 for arbitrary . We compute the next-to-leading order contributions to ∆S in the large central charge CFT at both high and low temperatures. In both cases we show that ∆S is strictly positive except for = 0 or = L. This turns out to be true for any 2D CFT. In calculating the single interval entanglement entropy in a thermal state, we develop new techniques to simplify the computation. At a high temperature, we ignore the finite size correction such that the problem is related to the entanglement entropy of double intervals on a complex plane. As a result, we show that the leading contribution from a primary module takes a universal form. At a low temperature, we show that the leading thermal correction to the entanglement entropy from a primary module does not take a universal form, depending on the details of the theory. *
Introduction
The holographic entanglement entropy [1] [2] [3] relates the quantum gravity to quantum information, and opens a new window to study the AdS/CFT correspondence [4] [5] [6] [7] . The entanglement entropy in a quantum field theory is usually not easy to compute. For a conformal field theory (CFT) dual to the AdS Einstein gravity, it was suggested in [1, 2] that the entanglement entropy of a subregion A could be holographically computed by the so-called Ryu-Takayanagi (RT) formula
where γ A is the minimal surface in the bulk homologous to the subregion A. The area law of the RT formula indicates a deep relation between the holographic entanglement entropy and the black hole entropy. It has actually been shown in [8] that the holographic entanglement entropy is actually a kind of generalized gravitational entropy. More precisely, the RT formula originates from the semi-classical Euclidean gravity action, and there could be gravitational quantum corrections to the holographic entanglement entropy [9] [10] [11] [12] .
One of the situations that the quantum corrections to the holographic entanglement entropy are important is the so-called holographic entanglement plateau [13] . For a subsystem A and its complement A c in a thermal state the Araki-Lieb inequality [14] requires that ∆S = S th − |S A c − S A | ≥ 0, (1.2) with S th being the thermal entropy of the whole system and S A , S A c being the entanglement entropies. For the holographic entanglement entropies, when the subsystem A is small enough but still finite the inequality could be saturated at a high enough temperature [1, 13, 15, 16] . The saturation is called the entropy plateaux. In this case, the minimal surface γ A c for the region A c is the disconnected sum of the minimal surface γ A for the region A and the horizon of the black hole corresponding to the thermal state. However, the saturation is possible if only the classical contribution has been considered. It was pointed out in [12] that quantum corrections to the holographic entanglement entropy can resolve the saturation. In other words, after considering the quantum correction, there is always ∆S > 0, except for the case that the size of A or A c becomes vanishing.
From the AdS/CFT correspondence, the classical action of the bulk configuration corresponds to the leading order contribution in the field theory at large c (or N ) limit, while the one-loop quantum correction corresponds to the next-to-leading order contribution. Such quantum correction is usually hard to compute in the bulk side [12] . In the case of AdS 3 /CFT 2 [17, 18] , one may find the gravitational configuration via the Schottky uniformization [19, 20] and compute the one-loop corrections by using the heat kernel and the image method [21, 22] . However, in the large interval limit at finite temperature, the computation becomes complicated and needs appropriate treatment on the monodromy condition [23] . On the other hand, the large interval limit is singular in the sense that the usual level expansion of the thermal density matrix becomes ill-behaved under the limit. One has to find another kind of expansions to get the partition function perturbatively. In [24] , it was proposed that one has to insert the complete set of basis of the twist sector to compute the partition function. For the large interval at a high temperature, this proposal gives consistent results for the large c CFT with the bulk computation [23] .
In this paper we revisit the issue of the large interval entanglement entropy and pay special attention to the corrections to the entanglement plateau 1 in AdS 3 /CFT 2 . We mainly work on twodimensional large central charge CFT with a sparse light spectrum [19, 25] , which is dual to the semiclassical limit of AdS 3 gravity. On the CFT side we first focus on the vacuum module in the large c limit, compute the short interval and long interval expansions of the entanglement entropies, and get nonvanishing corrections to the entanglement plateau. Moreover we also consider the leading contribution from a primary module. The contribution is at the next-to-leading order in the large c limit. We find that in the high temperature case the correction from the primary operator takes an universal form, but in the low temperature case the correction is not universal and takes a complicated form.
Though we mainly do computation in the large c CFT, the study can actually be applied to a general 2D CFT as well. In a 2D CFT, the vacuum module plays an essential role as it involves the stress tensor and its contribution to the entanglement entropy includes the part proportional to the central charge. Most of the study in this paper can be used in a general 2D CFT. The only thing one should be cautious is the large c expansion, which could not make sense.
The rest of the paper is organized as follows. In section 2 after giving a brief review of the holographic entanglement plateau, we investigate ∆S (1.2) in the high temperature case. We show that after omitting the finite size correction, which is exponentially small in the high temperature limit, we can relate the computation to the one for the two-interval entanglement entropy on a complex plane. Therefore we are allowed to read the mutual information and the universal correction from a nonvacuum module. In section 3, we discuss the low temperature case with contributions from only the vacuum module using the method of multi-point correlation functions.
We conclude in section 4 with discussions. In appendix A we review the mutual information of two intervals on a complex plane that is useful for section 2. In appendix B we calculate the relation relation (B.1) that is useful to sections 3. In appendix C, we apply the operator product expansion (OPE) of the twist operators to compute for the low temperature case and find agreement with the results in sections 3.
High temperature case
We consider a two-dimensional CFT on a circle of length L and in a thermal state with inverse temperature β. In this section we consider the high temperature case with β L. We are interested in the single interval entanglement entropy. From the Araki-Lieb inequality [14] , we know that
with S( ), S(L − ) being the entanglement entropies of the intervals with lengthes and (L − ) respectively and S(L) being the thermal entropy of the system. Holographically, it was found that there exists a critical length gr c so that when ≤ gr c , or equivalently when ≥ L − gr c , the ArakiLieb inequality is saturated. The saturation is called the holographic entanglement plateau [13] .
Indeed, the holographic entanglement entropy in this case is given by [13, 26] 
3)
The thermal entropy is holographically given by the Bekenstein-Hawking entropy of a non-rotating BTZ black hole
Then one can get the holographic entanglement plateau
This has been shown in Figure 1 . 0.8 One implication of the entanglement plateau is that [26] 
This looks weaker than the holographic entanglement plateau, but it actually has interesting implications in 2D CFT. First of all, it has been proved to be true for any 2D CFT with a discrete spectrum [27] . Secondly it makes sense at any temperature, not just the high temperature limit.
However, the relation (2.6) generically holds only at strict → 0 limit. This limit may cover up many interesting points of the large interval entanglement entropy. Therefore in this work, we do not take this limit rigorously and focus on the quantity
On the gravity side, the holographic entanglement entropy is just the leading order classical contribution. The quantum correction to the holographic entanglement entropy has been discussed in [9] [10] [11] [12] . Especially in [12] by identifying the holographic entanglement entropy as the bulk entanglement entropy, one can get [12] 
As shown in Figure 2 , I(A b , C b ) is the mutual information between the bulk region A b and the black hole interior C b , which is strictly positive as long as the size of is not identically zero.
Figure 2: Corrections to the holographic entanglement plateau. They are captured by the mutual information I(A b , C b ) of two disconnected bulk regions [12] . Using the AdS/CFT correspondence, they also equal the mutual information I(A, C) in CFT after the system is purified by adding the region C.
The bulk eternal black hole is dual to the thermo-field double state, which could be taken as the purification of the thermal state. As shown in Figure 2 (b), the whole system A ∪ B is in a thermal state, and the addition of another region C makes the new system A ∪ B ∪ C be in a pure state. Then we get
with I(A, C) being the mutual information between A and C. Holographically, the mutual information between A and C is given by the mutual information between A b and C b . Obviously, if one takes into account of the quantum correction, the Araki-Lieb inequality cannot be saturated [12] .
Next we would like to compute the quantity ∆S in the large c CFT, which tells us the mutual information between two bulk regions. The difficult part is on the computation of the entanglement entropy of a large interval. In the next subsection, we show how to relate the problem with the double-interval entanglement entropy on the complex plane, after omitting the exponentially suppressed terms proportional to the powers of e −2πL/β . This simplifies the discussion significantly.
Long interval entanglement entropy
The Rényi entropy of a long interval with length L − in a CFT on a torus with spatial period L and temporal period β has been discussed in [23, 24, 27] . The treatment therein applies to the case β L. In this section we revisit the problem, and consider the case β L and L but we do not require β. We omit the finite size corrections, which are the powers of e −2πL/β so are exponentially suppressed. More precisely, as discussed carefully in [23] such finite size corrections do not appear in the leading order entanglement entropy in the large c limit but do appear in the Rényi entropies. This allows us to consider only the contribution of the vacuum in the twist sector. In other words, we may just consider the single interval entanglement entropy on a cylinder with period β. We show that the mutual information in (2.8), or equivalently in (2.9), equals the mutual information of two intervals on the complex plane.
As shown in the left figure of Figure 3 , we consider the the long interval
with β L and u − v = L. Via the replica trick we need to compute the partition function of the CFT on a Riemann surface R n , which is obtained by pasting n torus along the cuts. In the limits β L, L, the torus is approximately a cylinder which we also denote by R n , and for n = 1 it is an ordinary cylinder R. As shown in the middle figure of Figure 3 , the cylinder R n now is of length L and a temporal period nβ. We use the coordinate w = x + iτ on R n . There are n cuts [v + ijβ, u + ijβ], j = 0, 1, · · · , n − 1 with the same length u − v = in R n , and the edges with the same color should be identified. This is due to the fact that one may deform the interval on the torus [27] . The original interval is very large, almost along the whole spatial direction of the torus. We may take the interval to be the whole spatial direction minus the complement part, a short interval of length . The presence of the interval along the spatial direction is not trivial.
It induce the identification of the field in different replica such that the field theory is defined on a cylinder with a temporal period nβ and n short cuts of length . The Rényi entropy is
In the above approximation, we have omitted the exponentially suppressed terms so that the partition functions are defined on the cylinder. The Riemann surface R n with coordinate w can be mapped to an annulus with coordinate z by the conformal transformation
We denote the resulting annulus as S n . The n cuts on R n are mapped to the cuts on the annulus
The boundaries of the cylinder at x = ±L/2 are mapped to the boundaries of the annulus
In the right figure of Figure 3 , we show the annulus S n with n cuts, the edges of the same color should be identified. We have the partition function
To regularize the ultra-violet(UV) divergences in the partition function and the Rényi entropy, we have to impose cutoffs at the boundaries of the cuts in R n and S n . On R n we use the cutoff for every boundary, and so on S n we have the cutoffs 15) for the boundaries z 
Via the replica trick and deforming the interval we get a cylinder R n with a length L, a temporal period nβ and n cuts, as shown in the middle figure. By a conformal transformation, the cylinder is transformed to an annulus, as shown in the right figure. In the last two figures, we take n = 5. 
Via the replica trick we get the n-fold complex plane C n , and the Rényi entropy
For the C n with the coordinate w, we can get the Riemann surfaceS n with the coordinate z by using the transformation
Then we have the identification of the partition function
For the boundary cuts w
respectively. We find thatS n turns out to be an annulus with boundaries at . Via the replica trick we get the n-fold complex plane C n in the middle figure.
For the n-fold complex plane with the coordinate w, we may map it into an annulusS n with n cuts, as shown in the right figure. Here we take n = 5 as well.
This is shown in Figure 4 .
The annulusS n is in fact the same as S n with different parametrizations. Therefore we show that the Rényi entropy of a long interval on a torus with the high temperature (2.10) equals approximately the Rényi entropy of two intervals on the complex plane
The approximation is exact up to the finite size correction, which is exponentially suppressed by the powers of e −2πL/β . Note that for the entanglement entropy the approximation is actually exact for the leading order in the large c limit, as there is no finite size correction in the n → 1 limit [23] .
The Rényi entropy of two intervals on the complex plane (2.19) can be calculated by the correlation function of the twist operators [10, [28] [29] [30] [31] ]
Here I n (x) is the Rényi mutual information between the two intervals, and one can take n → 1 limit to read the mutual information I(x). In general, the mutual information I(x) depends on the spectrum and the structure constants of the CFT. For a large c CFT, the contributions are dominated by the those from the vacuum module. We review the results in Appendix A. Using the identifications (2.23), we get
Note that we need β, L for the above approximation to be valid. When β L, it is just
and this is in accord to the holographic entanglement entropy (2.2) and the results in [23, 24, 27] .
When β L, the mutual information I n in (2.26) gives an order c contribution, which should be taken into account into the leading order contribution. Finally we get
which is in accord to the holographic entanglement entropy (2.2).
It is remarkable that the treatment in this section has a larger validity domain than that in [23, 24, 27 ]. An important simplification in our discussion is to omit the finite size correction, which include the exponentially suppressed terms. This allows us to get the result in the region β L, which is beyond the one in the existing treatment.
Another remarkable fact is that the terms proportional to c in the entanglement entropies are actually of universal form. They are either the single-interval Rényi entropy at a finite temperature, or the Rényi entropy of the whole system. They are still true even for a general 2D
CFT.
Corrections to entanglement plateau
In the high temperature limit β L, the entanglement entropy of a short interval with /L 1 is approximately
Taking n → 1 limit of the result in the previous subsection we get the entanglement entropy of a long interval
For the large c CFT, if we only consider the leading contributions, then using (A.2) we get 
Figure 5: In the large c limit, the leading order entanglement entropy of a short interval (2.29) and a long interval (2.31). We use the holographic entanglement entropy (2.2) as the benchmark to compare. The figures are plotted in unit of c/3.
Next we consider the next-to-leading order contribution to the entanglement entropies of the long and the short intervals in the large c limit. We will see how such correction change the entanglement plateau. First of all, for a CFT at a high temperature, omitting the exponentially suppressed terms, one can easily get its thermal entropy
which equals the black hole entropy (2.4). Then the correction to the entanglement plateau is
which is strictly positive as long as = 0. With the contributions from only the vacuum module, we use (A.2), (A.3) and plot it in Figure 6 , and one can compare it with the gravity result in Figure 1 .
There are other contributions to the mutual information from nonvacuum modules. As we have shown, the function I(x) is actually related to the mutual information between two intervals.
The contribution from other modules can be read in a straightforward way. In particular, as shown in [29, 32] , the leading contribution from a primary module could be of a universal form.
As a result, when β, the correction from a nonvacuum module with a primary operator X of scaling dimension ∆ X takes a universal form so that we have
Note that the universal contribution from the nonvacuum module is independent of the central charge and the structure constants. For the contributions from the nonvacuum modules, only the leading one from each module takes a universal form, while the subleading ones rely on the details of the theory.
Low temperature case
In this section we consider the low temperature case. To make the equations concise, we only include the contributions of the holomorphic sector, and those from the anti-holomorphic sector can be added easily.
At a low temperature, the dual gravity configuration is the thermal AdS, and the holographic entanglement entropy is always
One can see that S gr (L − ) = S gr ( ), and this leads to
This is consistent with the fact that the classical entropy of thermal AdS is vanishing
The holographic entanglement plateau is trivial for the low temperature case
temperature, the purification of the thermal density matrix leads to the thermo-field double state.
Holographically there is the eternal black hole, in which the wormhole connecting two asymptotically AdS regions. At the low temperature, we do not have the eternal black hole picture, but we can still have the picture on purification of the thermal density matrix, see Figure 7 . Therefore, we still have the quantum corrections (2.8) and (2.9):
Note that even at the low temperature, the thermal entropy is not strictly vanishing. In the following, we would like to compute ∆S to the next-to-leading order. The computation relies on the expansion of the thermal density matrix. In Appendix C, as a double check we use the OPE of the twist operators to compute the entanglement entropies in this section, and find good agreement. 
Short interval entanglement entropy
Let us focus on the vacuum module, which is dominant in the large c limit. We revisit the contributions of the holomorphic stress tensor T to the short interval entanglement entropy. In [33] , it was shown that the entanglement entropy is
with
It was believed that it applies to an interval of length as long as is not comparable to the size of the circle L. In fact the result is divergent in the limit → L. In this subsection, we give a more scrutinized derivation of the short interval entanglement entropy, and find a result that is consistent with (3.6).
The un-normalized thermal density matrix could be expanded as
with α T = c 2 , and so the reduced density matrix is
The Rényi entropy is
We organize tr A ρ n A by the expansion of q 2 as
Note that as we will take n → 1 limit in the last, now we keep all the terms of orders q 2 , q 4 , · · · , q 2(n−1) , q 2n . This is different from the treatment in [33] . In the following we use the subscript " sh " to denote the results for a short interval of length , and the subscript " lo " to denote the ones for a long interval of length L − .
It is known that the contribution from the vacuum is [34] tr 14) with h σ being the conformal dimension of the twist operators
To compute the contributions f sh (n, k) from the excitations in the vacuum module, we may map the n-fold cylinder to a complex plane [33, 35] , and find
among which
Note that to calculate the entanglement entropy, we do not need the O(n − 1) 2 term. We get the short interval Rényi entropy
To calculate the entanglement entropy for the case at hand, we need to take four limits, i.e., the low temperature limit q = e −2πβ/L → 0, the large central charge limit 1/c → 0, the short interval limit → 0, and the n → 1 limit. There may be subtleties in the order of taking the limits. We have taken the low temperature first. Since we do not know how to calculate the the Rényi entropy (3.18) for general length , we will take the limit 1/c → 0, and then → 0 before taking n → 1. We just assume that the chosen order of taking the limits does not affect the final result.
Noting that
we read
We define 21) and further write it as
Explicitly, we have
Putting (3.21) in (3.18) and taking the limit n → 1, we get the short interval entanglement entropy
Using (3.23) we can easily get
Note that a II (n), a III (n) defined in (3.22), (3.23) are at least of order q 2 , we get the short interval entanglement entropy
We cannot evaluate a II (1) or a III (1) explicitly for general c or general . We may expand the entanglement entropy in powers of 1/c and . Then the order c 0 part of a II (n) is of order 8 , and the order c 0 part of a III (n) is of order 6 . So we get that 
Long interval entanglement entropy
The result (3.6) is divergent in → L limit, and this suggests that for a long interval, the entanglement entropy should be reconsidered carefully. We keep to be small and take L − to be large. The above computation still make sense and we need to set → L − in (3.16) to get the result for a long interval
As the results (3.17) still apply, after sending → L − we get
and f lo (n, n) = f sh (n, n). Therefore we get the long interval Rényi entropy
. (3.31)
In the → 0 limit, we have
Let us define
Putting (3.33) into (3.31) and taking n → 1 limit, we get the long interval entanglement entropy
Here we have the thermal entropy
It is easy to get 38) which is the same as a I (1) in (3.26). We have the long interval entanglement entropy
for general , but we can expand them by 1/c and . The c 0 part of b II (n) is of order 8 , the c 0 part of b III (n) is of order 6 , and the c 0 part of b IV (n) is of order 4 . Explicitly, we have
Using (B.1), we arrive at
Finally, we get
It is easy to see that at the leading order the entanglement entropies of the long interval and short interval are the same, as expected. The thermal entropy is not vanishing, but at the next-to-leading order in expansion of 1/c. Different from the high temperature case, we can not ignore the exponentially suppressed terms in the low temperature. Actually in the entanglement entropies and the thermal entropy, the next-to-leading terms appear as the powers of q.
Let us focus on the dominant q 2 terms in the entropies. For the short interval entropy S sh ( ),
For the long interval entanglement entropy 
Corrections to entanglement plateau
For small , we have the short interval entanglement entropy S sh ( ) (3.28) and the long interval 
Figure 8: The q 2 parts of thermal entropy and the entanglement entropies of the short interval and the long interval. There is no overlapping for the validity regions of the short interval and long interval results.
loosely as entanglement plateau even in the low temperature case, and we can read the correction to the entanglement plateau from the holomorphic stress tensor
(3.47)
We expand the result (3.46) by small while keeping the central charge c general. It is easy to see that c II (n), c IV (n) are of order 4 , and c III (n), c V (n) are of order 6 . Explicitly, we get
Then we get the corrections to the entanglement plateau
Note that in the above result we do not require the central charge to be large, but we have only incorporated the contributions from the vacuum module.
Low temperature case with nonvacuum module
In this subsection we consider the low temperature case with the leading contributions from a holomorphic nonvacuum module. We consider the module with a general holomorphic primary operator X of conformal weight h X and normalization α X . It was shown in [33] the leading order correction to the single-interval entanglement entropy from the module X takes a universal form
It was believed that this applies to a general interval as long as the length cannot be comparable to length of the system L.
Due to the presence of the primary module, we find that the corrections to the density matrix and the reduced density matrices are respectively
Using the same method as in subsection 3.1 we may get the corrections to the short interval entanglement entropy
In a II X (n) the quantities D X X Za are defined by the OPE of X (z 1 )X (z 2 ) . The summation for Y runs over all the nonidentity holomorphic quasiprimary operators with each Y being of conformal weight h Y , and the summation for Z runs over all the nonidentity holomorphic operators, including the quasiprimary operators and their derivatives. It is possible that the term ∂ n a II X (n)| n=1 give the same order of contribution as q h X . It would be nice if ∂ n a II X (n)| n=1 can be evaluated without taking small expansion. Similarly, we can read the correction to the thermal entropy and the entanglement entropy of the long interval. The correction to the thermal entropy from the primary module X is
The corrections to the long interval entanglement entropy is
with the definitions
The long interval result (3.56) is not universal and depends on the structure constants, and the short interval result (3.52) is also possibly not universal. One can compare (3.52), (3.56) with the result (3.50), which was obtained in [33] . We get the different results by using a refined n → 1 limit. We sum all the terms of orders q h X , q 2h X , · · · , q (n−1)h X , q nh X before taking the n → 1 limit, while in [33] only the term of order q h X was kept in obtaining (3.50). Though it is fine to keep only the order q h X term in calculating the n-th Rényi entropy with n = 2, 3, 4, · · · , we need to keep all the terms of orders q h X , q 2h X , · · · , q (n−1)h X , q nh X to get the correct n → 1 limit.
One justification for our treatment is that δ X S( ) in (3.50) is ill-defined in the limit → L while δ X S lo (L − ) in (3.56) is well-defined in the limit → 0. Note that it is still possible (3.50) is correct for a short interval, i.e., that in (3.52) it is possible ∂ n a II X (n)| n=1 ∼ O(q 2h X ). Summing up all the contributions, we find the correction to the entanglement plateau
We expand the results (3.59) by small and get
The summation for Y runs over all the nonidentity holomorphic quasiprimary operators. Finally we find
In the summation over Y, the holomorphic quasiprimary operator with the smallest conformal weight in each module dominates. For the vacuum module it is the stress tensor T , and for a nonvacuum module it is just the primary operator. The summation of Y in (3.61) runs over T and all the nonidentity holomorphic primary operators. For the stress tensor, it gives the correction (3.49). Note that that the result (3.61) does not take a universal form, as it depends on the structure constants.
Conclusion and discussions
In this work, we studied the single-interval entanglement entropies at finite temperature in 2D
CFT. We focused on the high temperature case with β L and the low temperature case with L β. In particular we computed the entanglement entropies in the short and large interval limits. This allows us to discuss the subleading correction to the entanglement plateau
where S(L) is the thermal entropy of the system at the finite temperature. A general lesson is that the Araki-Lieb inequality is robust and cannot be saturated for a finite if the next-to-leading order contributions of large c limit are taken into account.
For the large c CFT with a gravity dual, it was found that there could be a holographic entanglement plateau at a high temperature. As suggested in [12] , ∆S is the mutual information between the interior of the black hole and the region enclosed by the minimal surface γ [12] . We explicitly computed this mutual information in this work. In the semi-classical AdS 3 /CFT 2 , we showed that ∆S is nonvanishing but is always an order c 0 effect, including both the contributions from the vacuum module and other primary modules.
In computing the entanglement entropies at a high temperature, we omitted the finite size effect, which contributes the exponentially suppressed terms. This simplifies the computation significantly and allows us to relate the computation with the computation on the Rényi entropy of the two disconnected intervals on a complex plane. One important consequence is that the leading contribution from the a nonvacuum module takes a universal form.
On the other hand, in the low temperature case we cannot ignore the exponentially suppressed terms. We used two different approaches to compute the thermal corrections to the entanglement entropies and found consistent results. Quite interestingly we found that the leading thermal correction to the long interval entanglement entropy actually does not take a universal form.
Instead, the leading correction to entanglement plateau actually depends on the details of the theory.
It is remarkable that our treatment in this work does not restrict to the large c CFT, and can be applied to a general CFT. In 2D CFT, the vacuum module is special as it includes the stress tensor which encodes the information on the central charge. Therefore the discussion on the vacuum module in this work certainly applies to other CFTs. At the high temperature the case is related to the double interval mutual information on the complex plane. In the latter case the leading contribution of the nonvacuum module to the mutual information is of universal form. At the low temperature, the picture is similar but the leading contributions from nonvacuum modules depend on the details of the theory. Simply speaking, in a general 2D CFT the corrections from both vacuum and nonvacuum modules are not suppressed by 1/c and so the entanglement plateau disappears.
through the "Gauge Theories, Strings, Supergravity" (GSS) research project.
A Mutual information of two intervals on a complex plane
Here we review the useful property of the mutual information I(x) between two intervals in a large c CFT with contributions from the vacuum module [10, 11, [29] [30] [31] 36, 37] . The mutual information can be organized by orders of c
where x is the cross ratio. The leading part of the mutual information is universal and do not depend on the details of the CFT 
For a nonvacuum module with a primary operator X of the scaling dimension ∆ X , there is a universal correction at the leading order [29] 
In fact, for any 2D CFT the small x expansion of the mutual information can be written as [36, 37] I(x) = lim
where the summation K runs over all orthogonalized quasiprimary operators Φ K , with conformal weights (h K ,h K ) and normalization α K , in the n-fold CFT that we call CFT n , and d K is the OPE coefficient of twist operators. It is just (A.3) with the contributions from only the vacuum module. The leading contribution from a nonvacuum module takes the universal form (A.5), while the subleading contributions are not universal and depend on details of the CFT. Also the subleading contributions from different modules are mixed and cannot be separated.
B Analytical continuation
In the appendix, we prove the following identity 2
Note that q = e −2πβ/L .
We consider the Mellin transform and its inverse transform
We choose
and so
Then we get
which leads to
The integral on the right-hand side is convergent for Req 2 ≤ 0, Imq 2 = 0, and with an analytical continuation we finally get
An immediate check of the result is that when q 2 → 1 it is 8 15 , and this is consistent with (C.8). Then we get (B.1).
C Low temperature case from method of twist operators
As a double check of the results in sections 3 and 3.4, we calculate the short and long interval entanglement entropies using the OPE of the twist operators in this section.
The replica trick leads to an n-fold CFT, which we call CFT n , on a nontrivial Riemann surface.
The partition function of CFT n can be computed by a correlation function of the twist operators.
The twist operators σ,σ are primary operators with conformal dimension [34] 
When the interval A = [0, ] is short, we may use the OPE of the twist operators [10, [28] [29] [30] 
with the summation K being over all CFT n quasiprimary operators Φ K . To the order we consider in this paper, we only need Φ K that can be written as a direct product of the quasiprimary operators in different replicas
where 0 ≤ j i ≤ n − 1 labels the replica. From the OPE coefficients d
For the vacuum module, we only need the quasiprimary operators T j , A j , T j 1 T j 2 , with 0 ≤ j ≤ n − 1, 0 ≤ j 1 < j 2 ≤ n − 1, the corresponding d K can be found in [29] [30] [31] , and the corresponding b K can be found in [38, 39] , from which we may get
For a quasiprimary operator Y, we may have the CFT n quasiprimary operators
from which we get
Note that we have used the relation [29]
In the following calculation we need the one-point function of operator Y on a vertical cylinder capped with two operators X , Z on the two ends, and we denote it by X |Y(w)|Z . When X = Z, we also define Y X = X |Y|X /α X . We evaluate it by mapping the cylinder to a complex plane by conformal transformation z = e 2πiw L . In the following calculation we need the relations
Note that we use 0 to denote the identity operator 1 which corresponds to the ground state |0 .
For a nonidentity primary operator X and a nonidentity primary operator Y, we have
Note that for the structure constant C X YX being nonvanishing, we need that Y is bosonic, i.e., that h Y is an integer. There is relation
C.1 Contributions from the vacuum module
For a short interval A = [0, ], we have the reduced density matrix (3.9) . Using the twist operators we get
Using the OPE of the twist operators we have Then we get the short interval entanglement entropy S sh ( ) = c 6 log + 2 a T T 0 + 4 a T T T 2 0 + O( 6 ) (C.14)
Using (C.5), (C.9), we further find This is consistent with (3.28) and the results in [24, 33, 38, 42] .
The complement of A is a long interval B with length L − . Instead of (C.11), for a long interval we have [27] tr B ρ The second term in the bracket has been evaluated in the previous appendix. Finally we find that this is the same as the result (3.49) in section 3.
C.2 Contributions from a nonvacuum module
We consider the contributions from a holomorphic primary operator X to the density matrix (3.51). Generally, the OPE of the twist operators can be written as 21) with the summation of Y being over T and all holomorphic primary operators.
For the short interval A we have the correction to the partition function
Then we get the corrections to the short interval entanglement entropy
For the long interval B we have corrections to the partition function [27] δ X tr B ρ n B = n k=1 q kh X α k X 0≤j 1 <···<j k ≤n−1
from which we get the corrections to the long interval entanglement entropy
The corrections to the thermal entropy are (3.55). Then we get the corrections to the entanglement plateau
Note that the summation of Y is over T and all holomorphic primary operators. Using (C.6), (C.7), (C.9), (C.10), we can show easily that this is exactly the same as the result (3.61).
